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1. Preliminaries

Let M be an m —dimensional Riemannian
manifold with Riemannian metric g. Denote by
F (M) the algebra of smooth functionson M and by
I'(TM) the F(M) —module of smooth sections of
the tangent bundle TM of M. We use the same
notation for any other vector bundle over M. All
manifolds and mappings are supposed to be
differentiable of class C™.

Next, we consider an n —dimensiond
submanifold N of M. Then the main objects
induced by the Levi-Civitaconnection V of (M, g)
on N are involved in the well known Gauss-
Weingarten equations:

(a) VyY = VY + h(X,Y) and (b) ViV

= —AyX + V§V, (1)
forany X,Y e I'(TN) andV € I'(TN*). Here, V is
the Levi-Civita connection on N, h is the second
fundamental form of N, A, is the Weingarten
operator with respect to the normal section V and
V+ isthe normal connection in the normal bundle
TN of N. Thetwo geometric objects h and A, are
related by
g(h(X,Y),V) = g(AyX,Y). 2)
If h vanishes identically on N, then N is called
totally geodesic.

1. Preliminarii

Fie M o varietate riemannianad
m —dimensionald cu metrica riemanniana g.
Notdm cu F(M) algebra functiilor netede pe M si
cu I'(TM), F(M) —modulul sectiunilor netede ale
fibratului tangent TM la M. Folosim aceea,si
notatie pentru orice alt fibrat peste M. Toate
varietatile si functiile sunt presupuse a fi
diferentiabile de clasa C*.

Fie N o subvarietate n —dimensionala a lui
M. Principal ele obiecteinduse de conexiunealL evi-
Civita V a lui (M,g) pe N sunt incluse in
binecunoscutele ecuatii Gauss-Weingarten:
() VyY = VY + h(X,Y)si (b) ViV

= —AyX + V§V, (D

PentruoriceX,Y € T(TN) siV € T(TN1). Aici, V
este conexiunea Levi-Civita pe N, h este a doua
forma fundamentald a lui N, A, este operatorul
Weingarten in raport cu sectiunea normald V iar V+
este conexiunea normald in fibratul normal TN+ a
lui N. Cele doud obiecte geometrice h si Ay sunt
legate prin relatia
g(h(X,Y),V) = g(AyX,Y). (2)
Daca h se anuleaza identic pe N, atunci se spune ca
N este total geodesica.

Au fost dezvoltate mai multe studii ae
subvarietatilor unor varietati dotate cu structuri
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Severa studies have been developed on
submanifolds of manifolds endowed with some
geometrical structures. We recal here some of
these structures. First, we consider an almost
Hermitian manifold (M, g,J), where g is a
Riemannian metric, J is an amost complex
structure, that is, J2 = —I, satisfying (cf. Yano-
Kon [10], p.124).
gUX,JY) = g(X,Y), V X,Y € I(TM). (3)

In 1978, Bejancu [2] has introduced the concept of
CR-submanifold of an amost Hermitian manifold
as follows. A rea submanifold N of (M, g,]) is
cdled a CR-submanifold (Cauchy-Riemann
submanifold) if it is endowed with a distribution D
satisfying the following conditions:

(i) D isinvariant with respectto/, thatis,

J(D,) =D, V x€N.

(ii) The complementary orthogonal distribution
D* to D inTM is anti-invariant with respect to J,
that is,

J(DH) c T,Nt, V x €N.

When D+ ={0} ( resp. D ={0}), N is caled
invariant submanifold ( resp. anti-invariant
submanifold). Any real hypersurfaceof (M, g,]) is
a CR-submanifold which is neither invariant nor
anti-invariant submanifold.

Next, we consider a manifold M equipped
with a semi-Riemannian metric g (cf. O’Neill [8],
p.54) and an almost product structure , that isP? =
I, (P # £I). Then (M, g,P) is caled an almost
parahermitian manifold if we have
g(PX,PY) = —g(X,Y),

vV X,Y € T(TM). (4)

The concept of CR-submanifold has been
considered by Began [1] in case the ambient
manifold is an amost parahermitian manifold.
Both, the &amost Hermitian and amost
parahermitian manifolds are necessarily of even
dimension. The odd dimensional coanterparts of
these manifolds can be introduced as follows.

Let M beared (2m + 1) —dimensiona
manifold endowed with a Riemannian metric g, a
tensor field ¢ of type (1,1), avector field £ and a
1 —form n satisfying the conditions
(@) * = =1 +n®¢,

(B)n) =1, (5)

(©) g(pX, oY) = g(X,Y) —n(X)n(Y).

Then (M,g,¢,&,n) is caled an almost contact
metric manifold (cf. Blair [5], p.33). The concept
of semi-invariant submanifold of an amost contact
metric manifold (cf. Bejancu-Papaghiuc [4] )
represents an extension of the concept of CR-

geometrice. Reamintim aici cateva dintre aceste
structuri. Mai intai, consideram o varietate aproape
hermitiana (M, g,/), unde g este o metrica
riemanniand, J este o structurd aproape complexa,
adica J? = —I, care satisface (cf. Yano-Kon [10],
p.124).
gUXx,jY) =gX,Y), Vv X,Y € T(TM). (3)
In 1978, A. Bejancu [2] a introdus conceptul de
CR —subvarietate a wunei varietdti aproape
hermitiene, dupd cum urmeaza. O subvarietate
reald N a lu (M,g,]) este numitd CR —
subvarietate (Cauchy-Riemann subvarietate) daca
este dotata cu o distributie D care satisface
urmatoarele conditii:
(i) D este invarianta in raport cu J, adica
J(Dy) =Dy, V x€N.
(ii) Distributia D* complementar ortogonald lui D
in TM este anti-invarianta in raport cu J, adica
J(DLY) c T,Nt, V x €N.
Cand Dt = {0} ( respectiv D ={0}), N este
numitd subvarietate invarianta ( respectiv
subvarietate anti-invarianta). Orice hipersuprafata
realdalui(M, g,]) esteo CR — subvarietate carenu
este nici subvarietate invariantd nici anti-
invariantd. Sa considerdm 1n continuare o varietate
M echipatd cu o metrica semi-riemanniand g (cf.
O’Neill [8], p.54) ,si o structura aproape produs P,
adici P2 = I, (P # +I). Atundi tripletul (M, g, P)
este numit varietate aproape para-hermitiana daca
avem
g(PX,PY) = —g(X,Y),
vV X,Y € I(TM). (4)

Conceptul de CR —subvarietate a fost
considerat de C.L. Bejan [1] in cazul cand
varietatea ambientald este aproape para-
hermitiand. Ambele varietiti, cea aproape
hermitiana cét si cea aproape para-hermitiand sunt
in mod necesar de dimensione para. Versiunile de
dimensiune impard ale acestor varietdti pot fi
introduse dupa cum urmeaza. Fie M o varietate
reald (2m + 1) —dimensionald dotatd cu o
metricd riemanniand g, un camp tensorial ¢ detip
(1,1), un camp vectorial ¢ si o 1 —forma n care
satisfice conditiile
(@) * = -1 + n®¢,

(Bb)n(¢) =1, (5)
(0) g(@X, oY) = g(X,Y) —=n(X)n(¥).
Atunci (M, g,9,&,m) se numeste varietate

aproape de contact metrica (cf. Blar [5], p.33).
Conceptul de subvarietate semi-invariantd a unei
varietati aproape de contact metrice (cf. Bejancu-
Papaghiuc [4] ) reprezintd o extensie a conceptului
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submanifold to the case of odd dimensiona
ambient manifold. Similarly, consider a (2m +
1) —dimensiona manifold M endowed with
(9,9, §,n) satisfying:

(@) p* =1 — &,

(b)n(§) =¢ (6)

(c) g(pX,9Y) = —g(X,Y) + en(X)n(Y).

where e = +1 or ¢ =—1, according as ¢ is
spacelike or timelike vector field with respect to
the semi-Riemannian metric g. Then
(M, g,p,¢,mn) is cdled an almost paracontact
metric manifold (cf. Sato [9] ). Semi-invariant
submanifolds of almost paracontact manifolds (cf.
lanu,s-Mihai [7] ) ae extensons of CR-
submanifolds to this class of odd dimensiona
manifolds.

Finaly, we recal that a red
2m —dimensiona manifold M is called an almost
symplectic manifold if it is endowed with a
nondegenerate 2 —form Q.

2. Semi-invariant submanifolds of
(g, F) —manifolds

Let M be areal m —dimensional manifold
and g be a semi-Riemannian metric on M. Thus g
might be a Riemannian metric or nondegenerate of
constant index at any point of M. Suppose that
there exists on M a non zero tensor field F of type
(1,1) satisfying
g(FX,Y) + g(X,FY) =0,

vV X,Y € T(TM). (7)

Then we say that M is a (g, F) —manifold. If in
particular, F, is nondegenerate at any point x € M
then we say that M is a nondegenerate
(g, F) —manifold. Otherwise, M is called
degenerate (g, F) —manifold.

In literature there is an abundance of

examples of (g,F) —manifolds. Some of these
examples are presented here.
Example 1. An amost Hermitian manifold
(M, g,]) is a nondegenerate (g, F) —manifold.
Indeed, take F = J and from (3) we deduce (7).
[ ]

Example 2. An amost parahermitian manifold
(M, g, P) is anondegenerate (g, F) —manifold. In
this case we take F = P and by using (4) and
taking into account that P? = I we obtain (7). m

Example 3. An amost contact metric manifold
(M, g,p,¢,1m) is a degenerate (g, F) —manifold.

de CR —subvarietate la cazul varietatilor
ambientale de dimensiune impara. In mod similar,
sd consideram o varietate (Zm+
1) —dimensionala M dotata cu (g,¢,¢,n) care
satisface conditiile:

(@) p* =1-n®¢,

(b)) =¢, (6)

(©) g(@pX,pY) = —g(X,Y) + en(X)n(Y).

unde € = +1 sau € = —1, dupd cum ¢ este un
camp vectorial de tip spatial sau temporal in raport
cu metrica semi-riemanniana g.  Atunci
(M, g,p,¢,n) este numit varietate aproape de
paracontact metrica (cf. Sato [9] ). Subvarietitile
semi-invariante ale unei varietiti de aproape
paracontact (cf. Ianu,s-Mihai [7] ) sunt extensii de
CR —subvarietatilor la aceastd clasda de varietati
impar dimensionale.

In sfarsit, reamintim ca o varietate reala M
de dimensiune 2m este numita varietate aproape
simplecticd dacd este dotatd cu o 2 —forma
nedegenerata ().

2. Subvarietati semi-invariante ale
(g, F) —varietitilor

Fie M o varietate reala m —dimensionala
si g o metrica semi-riemanniana pe M. Metrica g
poate fi riemanniand sau nedegeneratd de index
constant Infiecare punct al lui M. S& presupunem
ca pe M existd un camp tensorial nenul F de tip
(1,1) care satisface
g(FX,Y)+ g(X,FY) =0,

v X,Y € T(TM). (7)

Vom spune atunci cd M este o (g, F) —varietate.
Daca in particular, F, este nedegenerata in fiecare
punct x € M atunci vom spune cid M este o
(g, F) —varietate nedegenerata. In caz contrar, M
este numita (g, F) — varietate degenerata.
Literatura de specialitate abundd in exemple de
(g, F) —varietati. Cateva dintre aceste exemple
sunt prezentate si aici.

Exemplul 1. O varietate aproape hermitiana
(M, g,]) este 0 (g,F) —varietate nedegenerata.
Intr-adevir, dacia luim F = J din relatia (3)
deducem (7). [ ]

Exemplul 2. O varietate aproape para-hermitiana
(M, g, P) esteo (g, F) — varietate nedegenerata. In
acest caz luam F = P folosim (4) si tinand cont
cd P?2 = obtinem (7). m

Exemplul 3. O varietate aproape de contact
metricd (M, g,p,&,n) este o (g, F) — varietate
degenerata. Punem F = ¢ si folosind (5) deducem
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Weput F = ¢ and by using (5) wededuce (7). As
@) =0, M is a degenerate (g, F) —manifold.
|

Example 4. An amost paracontact manifold
(M, g,p,¢,1m) is a degenerate (g, F) —manifold.
Herewetake F = ¢ and by (6) we obtain (7). As
in the previous example we have ¢(¢) = 0, and
therefore M isadegenerate (g, F) —manifold. m

Example 5. Let (M, Q) be an amost symplectic
manifold endowed with a semi-Riemannian metric
g- Then we define atensor field F of type (1,1) by
9(FX,Y) = Q(X,Y),

Vv X,Y € T(TM). (8)

As Q is skew-symmetric, we deduce that F and g
satisfy (7). Moreover, since () isnondegenerate we
conclude that (M,Q,g) is a nondegenerate
(g, F) —manifold. m

Remark 1. Any 2m —dimensional nondegenerate
(g,F) —manifold is an amost symplectic
manifold. Indeed, define Q by (8) and by using (7)
we deduce that Q is a nondegenerate 2 —form on
M. m

Next, we consider a submanifold N of a
(g, F) —manifold M. Suppose that g induces a
semi-Riemannian metric on N which we denote by
the same symbol g. Then, following the definition
given by Bejancu [2] for CR-submanifolds we in-
troduce a special class of submanifolds of M as
follows.

Definition 1. We say that N is a semi-invariant
submanifold of the (g, F) —manifold M if there
exists a distribution D on M satisfying the
conditions:

(i) D isanondegenerate distribution with respect
to g, and we have

F(D,)cD,, VxE€EN,

thatis, D isF —invariant.

(ii) The complementary orthogonal distribution
DL toDinTN isF —anti-invariant, that is,
F(Df) c T,Nt, Vx€EN.

(iii) F?2(D%1) isadistribution on N.

If in particular, M is an amost Hermitian
manifold, then we obtain the concept of CR-
submanifold. In this case, the condition (iii) is a
consequence of (i) and (ii). Moreover, the above
concept of semi-invariant submanifold is a
generalization of al the extensions of the concept
of CR-submanifold to amost parahermitian
manifolds, almost contact metric manifolds, almost

(7). Deoarece ¢(¢)=0, M este 0 (g,F) —
varietate degenerata. [ ]

Exemplul 4. O varietate aproape de paracontact
(M, g,p,¢,1n) esteo (g, F) — varietate degenerata.
Aici ludam F = ¢ si cu (6) obtinem (7). Ca si in
exemplul precedent, avem (&) = 0, astfel ca M
esteo (g, F) — varietate degenerata. m

Exemplul 5. Fie (M,Q) o varietate aproape
simplectica dotatd cu o metricd semi-riemanniana
g. Definim un camp tensorial F detip (1,1) prin
g(FX,Y) = (X, V),

VvV X,Y € T'(TM). (8)

Deoarece () este anti-simetrica, deducem ca F si g
satisfac (7). Ma mult, deocarece O este
nedegeneratd, putem concluziona ca (M, (), g) este
0 (g, F) — varietate nedegenerata. m
Observatia 1. Orice  (g,F) —varietate
nedegeneratd, 2m —dimensionala, este o varietate
aproape simplectica. Intr-adevar, definim Q prin
(8) si folosind (7) deducem ca Q este 0 2 —forma
nedegenerati pe M. ®

In continuare, vom considera o
subvarietate N a unei (g,F) —varietati M.
Presupunem cd g induce o metricd semi-
riemanniand pe N pe care o vom nota cu acelasi
simbol g. Atunci, urmand definitia datd de A.
Begancu [2] pentru CR — subvarietati, introducem
o clasa speciala de subvarietati ale lui M dupa cum
urmeaza.

Definitia 1. Spunem ca N este o subvarietate semi-
invarianta a (g, F) —varietdatii M daca existd o
distributie D pe M care satisface conditiile:

(i) D este o distributie nedegeneratd in raport cu
g si avem

F(D,)cD,, VxEN,

adica, D este F —invarianta.

(ii) Distributia D* complementar ortogonald pe
D in TN este F —anti-invariantd, adicd,

F(Df) c T,Nt, Vx€N.

(iii) F2(D?) este o distributie pe N.

Daca in particular, M este o varietate
aproape hermitiand, atunci obtinem conceptul de
CR —subvarietate. In acest caz, conditia (iii) este
0 consecinta a lui (i) si (ii). Mai mult, conceptul
de subvarietate semi-invarianta de mai sus este o
generalizare a tuturor extensiilor conceptului de
CR —subvarietate la wvarietdti aproape para-
hermitiene, varietati aproape de contact metrice,
varietati aproape de paracontact metrice, etc. (vezi
Begancu [3)]).
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paracontact metric manifolds, etc. (see Bgancu

[3D).

Some particular classes of semi-invariant

submanifolds are defined as follows. Let p and g
be the ranks of the distributions D and D+t
respectively. If g = 0, thatisD+ = {0}, wesay that
N isan F —invariant submanifold of M. If p = 0,
that is D = {0}, we cdl N an F —anti-invariant
submanifold of M. Thus, N is an F —invariant
(resp. F —anti-invariant ) submanifold if and only
if
F(TN) c TN (resp. F(TN) c TNY).
If pq #= 0 then N iscalled a proper semi-invariant
submanifold. Now, we denote by D the
complementary orthogonal vector bundleto F(D+)
inTNL.1f D = {0}, then we say that N isanormal
F —anti-invariant submanifold. Thus N is normal
F —anti-invariant if and only if F(D+) = TM*.

Taking into account the Definition 1 we
deduce that the tangent bundle and the normal
bundle of a semi-invariant submanifold N have the
orthogonal decompositions:

(a) TN = D®D' and

(b) TN+ = F(DH®D. (9

Then we denote by P and Q the projection
morphisms of TN on D and D+ respectively, and
obtain

(a) X = PX + QX,

(b) FX = pX + wX, VX E€eT(TN), (10)
where we put

(a) ¢X = FPX and

(b) wX = FQX. (11)

Thus ¢ isatensor field of type (1,1) on N, while
w isaF(D1) —valued vector 1 —formon N.
Next, we prove the following.
Proposition 1. Let N be a semi-invariant
submanifold of a (g, F) —manifold M. Then we
have the following assertions:
(i) Nisa(g,p)—manifold.
(ii) F2(D') isavector subbundle of D+.
(iii) The vector bundle D is F —invariant, that is,
we have
F(Dy)cD,, Vx€N.
Proof. (i) By definition, g is a semi-Riemannian
metricon N and ¢ isatensor field of type (1,1) on
N, we need only to show (7). By using (11a),
(10a) and (7) for F weobtain
g(@X,Y) = g(FPX,Y) = g(FPX, PY)

= —g(PX,FPY) =
—g(X,FPY) = g(X, 9Y),
Vv X,Y € I'(TN).

Cateva clase particulare de subvarietati
semi-invariante sunt definite dupa cum urmeaza.
Fiep si q rangurile distributiilor D si respectiv D,
Dacid q = 0, adicd D* = {0}, spunem ci N este 0
subvarietate F —invarianta alui M. Daca p = 0,
adicd D = {0}, spunem cd N este o0 subvarietate
F —anti-invarianta a lui M. Astfel, N este o
subvarietate F —invarianta (respectiv F —anti-
invariantd ) daca si numai daca
F(TN) c TN (respectiv F(TN) c TNY).
Daca pq # 0 atunci N se numeste subvarietate
proprie semi-invarianti. Acum, si notim cu D
fibratul vectoriad complementar ortogonal lui
F(DY) in TN+. Daca D = {0}, atunci vom spune
cda N este o subvarietate normal F —anti-
invarianta. Astfedl N este normal F —anti-
invarianta if daci si numai dacd F(D+) = TM*.

Tinand cont de Definitia 1 deducem ca
fibratul tangent si fibratul normal al unei
subvarietati semi-invariante N au descompunerile
ortogonae;

(a) TN = D®D* si

(b) TN+ = F(DLH)®D. 9)

Sa notam cu P si Q morfismele de proiectie ale lui
TN pe D si respectiv D+ si obtinem

(@) X = PX + QX,

(b) FX = pX + wX, VX €ET(TN), (10)
Unde am notat

(a) X = FPX si

(b) wX = FQX. (11)

Astfel ¢ este un camp tensorial de tip (1,1) pe N,
in timp ce w este o 1-—formd vectoriala
F(D1) —valuati pe N.

In cele ce urmeazi demonstrim urmitoarea
afirmatie..

Propozitia 1. Fie N o subvarietate semi-invarianta
a (g,F) —varietatii M. Atunci urmatoarele
afirmatii sunt adevarate:

(i) N esteo(g, @) —varietate.

(ii) F2(D*1) este un subfibrat vectorial al lui D*.
(iii) Fibratul vectorial D este F —invariant, that
is, adicd avem

F(Dy)cD,, Vx€N.

Demonstratie. (i) Prin definitie, g este o metrica
semi-riemanniana pe N si ¢ este un camp tensorial
detip (1,1) pe N, deci trebuie doar sa dovedim (7).
Folosind (11a), (10a) si (7) pentru F, obtinem
9(@X,Y) = g(FPX,Y) = g(FPX, PY)
—g(PX,FPY) =

—g(X,FPY) = g(X, 9Y),

v X,Y € [(TN).
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Thus (7) is satisfied for g and ¢, and therefore N
isa(g, ¢) —manifold.
(ii) TakeX e I'(D) andY € T(D+). Then by using
(7) weobtain
g(X,F2Y) = —g(FX,FY) = 0,
since FX eTr(D) and FY e I'(TM1). Hence
F?(D%) is orthogonal to D and by condition (iii)
of Definition 1 we deduce that F?(D%) is a vector
subbundle of D*.
(iii) Take €eT(TN) , Y € T'(D*) and V € T(D).
Then by using (7) and (10b) we obtain
gFV,X) =—-g(V,FX) = —g(V, X + wX)

— 0 B
and
g(FV,FY) =—g(V,F?Y) =0,
since X €T(D), wX €T(FDY) and F?Y €
I'(DY). Thus FD is orthogonal to TN@FD*, that
is, FD is a vector subbundle of D. This completes
the proof of the proposition. [

Taking into account that F is an
automorphism of TM provided M is a non-
degenerate (g, F) —manifold, by condition (i) of
Definition 1. and by assertions (ii) and (iii) of
Proposition 1 we can state the following.

Corollary 1. Let N be a semi-invariant
submanifold of a nondegenerate (g, F) —manifold
M. Then we have:

F(D)=D, F*(D') =Dt
and F(D) =D.
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Astfel (7) este satisfacuta pentru g si ¢, si in
consecinta N este 0 (g, ¢) —Varietate.
(ii) Si luim X € (D) si Y € I'(D1). Atunci
folosind (7) obtinem
g(X,F2Y) = —g(FX,FY) = 0,
decarece FX € T(D) si FY € I(TM?'). Deci
F?(D') este ortogona pe D si prin conditia (iii)
din Definitia 1 deducem ci F?(D') este un
subfibrat vectorial al lui D+.
(iii) Sd luim € T(TN) , Y € T(DY) si V e T(D).
Atunci, folosind (7) si (10b) obtinem
gFV,X) =—g(V,FX) = —g(V, X + wX)

— 0 )
si
g(FV,FY) =—-g(V,F?Y) =0,
deparece X € T'(D), wX e T(FDY) si F?Y €
I'(D1Y). Astfel, rezultd ca FD este ortogona Iui
TN@®FD*', adica FD este un subfibrat vectoria al
lui D. Aceasta completeazdi demonstratia
propozitiei. ]

Tinand cont ca F este un automorfism al
lui TM daca M este o (g,F)—vaietate
nedegeneratd, cu conditia (i) din Definitia 1. si cu
afirmatiile (ii) si (iii) din Propozitia 1 putem
formula urmatorul.

Corolar 1. Fie N o subvarietate semi-
invariantd a unei (g, F) —varietdti nedegenerate
M. Atunci avem:

F(D)=D, F%(DY)=D*
and F (5) =D.
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